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The Rabbit

The filled Julia set of p is

Kp := {z0 ⇥ C |the sequence z0, p(z0)p
�2(z0), . . . is bounded}.

Color z0 ⇥ C black if
it belongs to the filled
Julia set of p, and color
z0 green otherwise.

Example: p(z) = z2 � 1

p(z) = z2+(�0.1226+0.7449i)

p(z) = z2+(�0.1226�0.7449i)



The Corabbit
The filled Julia set of p is

Kp := {z0 ⇥ C |the sequence z0, p(z0)p
�2(z0), . . . is bounded}.

Color z0 ⇥ C black if
it belongs to the filled
Julia set of p, and color
z0 green otherwise.

Example: p(z) = z2 � 1

p(z) = z2+(�0.1226+0.7449i)

p(z) = z2+(�0.1226�0.7449i)





The filled Julia set of p is

Kp := {z0 ⇥ C |the sequence z0, p(z0)p
�2(z0), . . . is bounded}.

Color z0 ⇥ C black if
it belongs to the filled
Julia set of p, and color
z0 green otherwise.

Example: p(z) = z2 � 1

p(z) = z2+(�0.1226+0.7449i)

p(z) = z2+(�0.1226�0.7449i)

p(z) = z2 + i

A dendrite



Kokopelli

p(z) = z2 � 0.156 + 1.302i

Let p : C ⇤ C and q : C ⇤ C be polynomials of degree d > 2. Suppose that
the filled Julia set of p and the filled Julia set of q are connected.

p(z) = (3� 6i)z15 � 5iz7 + (2.718� 3.14i)z2 + i

f(z) =
3z72 + 6z5 � (10 + 42i)z

z12 + i+ 7
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Example: p(z) = z4 � 1,

Np(z) =
3z4 + 1

4z3

Example: p(z) = z2 � 1,

Np(z) =
z2 + 1

2z
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A Cantor 
set

The filled Julia set of p is

Kp := {z0 ⇥ C |the sequence z0, p(z0)p
�2(z0), . . . is bounded}.

Color z0 ⇥ C black if
it belongs to the filled
Julia set of p, and color
z0 green otherwise.

Example: p(z) = z2 � 1

p(z) = z2+(�0.1226+0.7449i)

p(z) = z2+(�0.1226�0.7449i)

p(z) = z2 + i

p(z) = z2 + (0.5 + i)



The answer of this question clearly depends on the shapes of
the filled Julia sets involved. It would be nice if we had a way
to organize the pictures we have seen so far:

z2

z2 � 1 basilica

z2 + (�0.1 + 0.75i) rabbit

z2 + (�0.1 + 0.75i) corabbit

z2 � 0.156 + 1.302i kokopelli

z2 + i dendrite

Consider the family of quadratic polynomials

pc(z) = z2 + c, where c is a complex parameter.

Each of these polynomials has an associated filled Julia set,
Kpc , or Kc.

Question: how does the shape of Kc depend on c?

Hard to answer. But there is a way to organize some things
we have observed.

Since c is any complex number, the parameter space for our
family of polynomials is a copy of the complex plane. We
can use a coloring scheme to organize information about the
shape of Kc.

For each c ⇥ C, color c according to the shape of the corre-
sponding Kc.

CAUTION: this is not a dynamical scheme.

What coloring scheme should we use?

Color c ⇥ C black if and only if the corresponding Kc is in
one piece, or connected.

z + (1 + 0.3i)

Kokopelli

z2 � 0.156 + 1.302i

postcritically finite

Dendrites

z2 + i

postcritically finite

Corabbit

The answer of this question clearly depends on the shapes of
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For each c ⇥ C, color c according to the shape of the corre-
sponding Kc.
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Consider the family of quadratic polynomials

pc(z) = z2 + c, where c is a complex parameter.
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Keeping track of shapes





c plane

pc(z) = z2 + c, c ⇧ C

p(z) = z2 + c

p(z) = z2 � 0.156� 1.302i

Let p : C ⇤ C and q : C ⇤ C be polynomials of degree d > 2. Suppose that
the filled Julia set of p and the filled Julia set of q are connected.

p(z) = (3� 6i)z15 � 5iz7 + (2.718� 3.14i)z2 + i

f(z) =
3z72 + 6z5 � (10 + 42i)z

z12 + i+ 7
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f�n := f ⇥ · · · ⇥ f| {z }

n copies

: bC ⇤ bC

...

x0 f(x0) f(f(x0)) f(f(f(x0))) f�n(x0)

polynomial p : R ⇤ R

Np(x) = x� p(x)

p0(x)

sequence of iterates associated to the initial guess x0:

x0, x1, x2, x3, . . .

where xn+1 := Np(xn)

polynomial p : C ⇤ C

Np(z) = z � p(z)

p0(z)
z0, z1, z2, z3 . . .

where zn+1 := Np(zn)

Parameter space: coloring scheme?
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The Mandelbrot Set



the rabbit

the basilica



The mating of the basilica 
and the rabbit

F (z) =
2z2 + 1�

⇧
3

2z2 � 2
M := {c ⌅ C : p⇥nc (0) remains bounded as n ⇥ ⇤}

c = 0

Kc for

K�1 the filled Julia set for p�1(z) = z2 � 1

Define the filled Julia set

Kc := {z ⌅ C : p⇥nc (z) remains bounded as n ⇥ ⇤}

K0 the filled Julia set for p0(z) = z2

The ‘Basilica’

San Marco Cathedral

Venice, Italy

The ‘Rabbit’

A dendrite

A Cantor set

c = �5/2

c = i

c = �0.12256 + 0.74486i

c = �5/2

c = �1/2

pc : C ⇥ C, pc(z) = z2 + c

c = �1, z2 � 1

pc : R ⇥ R

pc(x) = x2 + c

1/4 � 2

pc(x) = x2 + c c = �1/4 c = �5/2



















hmmm... let’s see that again.







Which quadratic polynomials 
can be mated?



Theorem. (Tan Lei, Rees, Shishikura) Let p : z 7! z2+ c1
and q : z 7! z2 + c2 be postcritically finite. Then p and
q can be mated if and only if c1 and c2 do not belong to
conjugate limbs of the Mandelbrot Set.

F : bC ! bC

F : z 7! 2z2 + 1�
p
3

2z2 � 2

f is topologically conjugate to F : bC ! bC, a rational map
of degree 2

The map F is called a geometric mating of p and q.

On the equator, z 7! z2

postcritically
finite

p : C ! C given by p : z 7! z2 + c1

q : C ! C given by q : z 7! z2 + c2

postcritically finite.

If f is topologically conjugate to a rational map F : P1 !
P1, then F is a geometric mating of p and q.

S2/ ⇠ray is homeomorphic to S2

S2 �! S2

If S2/ ⇠ray is homeomorphic to S2, then p and q can be
mated.

Collapse purple rays

Form the quotient space S2/ ⇠ray

f : S2/ ⇠ray�! S2/ ⇠ray

✓

�✓

S1

unit sphere in C⇥ R

upper hemisphere H+

lower hemisphere H�



A shared mating



Arnaud Cheritat 
polynomial matings: 

https://www.math.univ-
toulouse.fr/~cheritat/MatMovies/

https://www.math.univ-toulouse.fr/~cheritat/MatMovies/


Fractal Stream	
Dynamics Explorer	
Mandel

Software: 

complex analysis, topology, 	
differential geometry, algebraic topology

Dynamics in one complex variable 	
by John Milnor

An introduction to chaotic dynamical 
systems	

by Robert Devaney

Books: 

Classes: 



Thank you!


